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Abstract The volume of fluid (VOF) method is a numerical technique to track the developing
free surfaces of liquids in motion. This method can, for example, be applied to compute the hiquid
flow patterns in a rotating cone veactor. For this application a spherical coordinate system is
most suited. The novel derivation of the extended VOF algorithms for this class of applications is
presented here. Some practical limitations of this method, that are inherent in the geomeltry of the
described system, are discussed.

Nomenclature

A = acceptor cell Greek symbols

d = distance (m) A = distance, interval

d" = distance between the surface of acell ¢ = dimensionless film coordinate
and the boundary in the direction of defined by equation (38? ()
the interpolation cell (m) 0 = angular spherical coordinate (rad)

D = donor cell v = kinematic viscosity (m/s)

E = empty cell © = rotational spherical coordinate (rad)

F = fraction of volume (-) w = angular velocity (rad/s)

F = full 11qu1d Cell Oﬂ/le;f symbgls

i = discrete r-coordinate index (-) V = divergence ()

j = discrete 6-coordinate index (-) .

n = discrete time coordinate index (-) Sub- aﬁd superscripts )

P = dimensionless pressure defined by a B adljlacent, atmospheric
equation (37) (~) E _ cell center

. : . ilm = film

r = radial spherical coordinate (m) : — inflow

S = S}lrface cel! I = interpolation cell

t = time poordlnate (s) o = outflow

v = velocity (né/s) up = upflow

\% = volume (m°) W = wall

1. Introduction

Conventional finite difference representations of fluid flow equations (i.e.
Navier-Stokes equations) often introduce averaging of the hydrodynamic key
variables. This averaging results in a smoothing of spatial variations in flow
variables and in particular in a smearing of discontinuities as encountered in
the vicinity of a free surface. In order to apply the free surface boundary
conditions to the discretized conservation equations and to advect the fluid
through the computational mesh without any smearing of the free surface, the
location of the free surface has to be determined. Conventional discrete Eulerian
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convective flow computations require an averaging of the flow variables of all
fluid elements flowing through a grid cell during some time interval. This
averaging process results in a smoothing of all variations in flow variables and
in particular in a smearing of the free surface discontinuities. For this purpose,
several numerical methods have been developed in the past. Hirt and Nichols
(1981) and Rudman (1997) presented overviews of these computational
methods. Hirt and Nichols (1981) briefly discussed the technique of height and
line functions, the marker and cell (MAC) method and the simplified version of
this technique (SMAC). However, these techniques all possess certain
drawbacks which limit their range of applicability. For instance, the height
function technique is not able to describe flows with complex interface
topology and three-dimensional surfaces, whereas the implementation of the
method of line functions is very difficult in the case of intersecting surfaces.
The MAC and even the SMAC method require large computer memories and a
substantial amount of CPU resources. Therefore, Hirt and Nichols (1981)
proposed a completely new computational technique for free surface flows
termed the volume of fluid (VOF) method. Rudman (1997) compared four
different surface tracking methods, i.e. simplified line interface calculation
(SLIC) (Noh and Woodward, 1976), Hirt-Nichols’ VOF (Hirt and Nichols, 1981),
flux-corrected transport volume of fluid (FCT-VOF) (Rudman, 1997) and
Youngs’” VOF (Youngs, 1982). He tested these methods using the two-
dimensional advection of hollow squares and a hollow circle in unidirectional
velocity fields, the rotation of a slotted circle, the shearing flow of a circle, and a
Rayleigh-Taylor instability. He concludes that the applicability of a surface
tracking method depends strongly on the system under investigation. In
general, more complex schemes (e.g. FCT-VOF and Youngs’ VOF) are much
more difficult to implement, but yield more accurate results. Hirt and Nichols-
VOF will be outlined below, together with practical limitations, in relation to
the description of liquid films flowing along the conical surface of a rotating
cone reactor. Results obtained with our numerical model in which the VOF-
technique has been incorporated are presented elsewhere (Janse et al,
forthcoming). In this work it will be assumed that the liquid flow in the rotating
cone is symmetrical in the direction of rotation. Therefore, all quantities
describing the flow are independent of the ¢-coordinate (and only dependent on
the r- and/or #-coordinate (see Figure 1)).

2. Construction of the free surface

An important aspect of the VOF-methodology is the introduction of a
characteristic marker quantity, called the fractional amount of fluid (F) with
which the fluid from the void can be distinguished. This marker quantity is
defined as follows:
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Figure 1.
Applied spherical
coordinate system

Figure 2.

Volume of fluid method
for free surfaces:
fraction of volume

1 fluid
k= {0 void @)

The location of the free surface is defined by the discontinuity in the fraction of
volume, as indicated in Figure 2.

According to the VOF-approach, the free surface is represented as a set of
discrete discontinuous line segments. The free surface in each free surface cell
is constructed either oriented parallel or perpendicular to the r-coordinate.

The main orientation of the free surface line segments depends on the
gradient of F in the cells adjacent to the cells containing the free surface. To
identify these cells, empty, internal fluid and free surface cells are defined. An
empty cell is defined as a cell with a zero F-value:

Fij =0 (2)
where 1 and j represent the index of the discrete cells (or grid points) in the r-

and 6-direction, respectively, of the computational domain. An internal fluid
cell is defined as a cell which is not empty and has no adjacent empty cells

0< Fi,j <1A (FiJrLj 75 0A Fifl,j 75 0A Fi7j+1 75 0A Fi,jfl 75 O) (3)

whereas a surface cell is defined as a cell which is not empty and has at least
one adjacent empty cell
0< Fi,j <1A (Fi-i-l,j =0V Fi—l,j =0V Fi,j+1 =0V Fi,j—l = O) (4)

To determine the mean orientation of the free surface within a free surface cell,
it is assumed that the free surface can be approximated by a straight line

non-flud F=0

free surface




separating the fluid from the void. If the magnitude of the calculated slope of
the line indicates that the line is oriented to a larger extent along the
r-coordinate, the line is assumed to be parallel to the r-coordinate. Otherwise,
the line is assumed to be perpendicular to the r-coordinate. The free surface can
thus be represented either as a single valued function ©(r) or as a single valued
function R(f), depending on the magnitude of the slope. The slope of the free
surface represented as O(r) is approximated by:

do\"_ e, -or,
(E)i_ 2Ar ©)

where O(r) is approximated as follows:

")y 3 =0AO"r) =67 = (Fy + Fl +Flyy JA0 (6

1,j—1

A similar calculation is performed for R(f) in which the slope is approximated

by:
dR n:w (7)
o), 240

where R(f) is approximated as:

R'()l,_, 3 =0 AR (§) =R} = (P +Fy +FLp)ar (8)

e i+1,j

The normalized derivative with the smallest magnitude is considered to
provide the best approximation of the slope, because the corresponding ©(r) or
R(#) approximation is more accurate in that case. If the slope is best described

by ©(r) in which
aR)'[ | (dOY"
o/, \dr /.

the free surface is oriented along the r-coordinate and is assumed to be parallel
to the r-coordinate. Otherwise the free surface is assumed to be perpendicular to
the r-coordinate. This procedure to approximate the actual free surface
orientation is depicted in Figure 3 for a slope described by R(6).

1
I

©)

3. Free surface advection
The equation describing the propagation of the free surface is given by the
following transport equation for F:
DF|**'  oF
Dt|;; ot

n+1
H(V - F) (V- Fv) e+ (V- Fv)l =0 (10)

ij,0r
i
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Approximation of actual
free surface orientation
for a slope described by
R(6)
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This equation is discretized by integration over the mass conservation control
volume, which coincides with the Eulerian grid cells; its boundaries are the
Eulerian grid cell boundaries. The equation is discretized at the advanced time
level n + 1 using explicit finite difference representations of the convective
terms. Since the computation of the fraction of volume values constitutes the
last step of the flow field computations, the velocity field for the advanced time
level is already available in evaluating these terms.

The solution of the fraction of volume equation is performed sequentially by
applying two sweeps through the mesh to account for the convective transport
in each of the r- and 6-direction. The reason for the application of this
sequential technique is the rather complex advection method that has to be
applied to avoid excessive computational smearing of the interface.

The first order derivative of the accumulation term appearing in equation
(10) is approximated by a first order backward finite difference representation:

n+1
o™ _FT - R a1
at|;; At

The convective fluxes are approximated by the donor-acceptor finite
differencing scheme which takes the orientation of the reconstructed free
surface into account. For the convective transport between two internal fluid
cells, this scheme reduces to the well-known upwind discretization scheme. The
resulting finite difference representation of the convective terms for internal
fluid cells is presented below. Although it is in principle not necessary to
compute the fraction of volume flow between two internal fluid cells, this
computation is applied due to the one-dimensional nature of the presented
technique. Owing to the assumption of symmetry of the flow field in the
direction of rotation (y-direction), the last term in the left-hand side of equation



(10) 1s neglected. The resulting discrete convection terms for internal fluid cells
are presented below:

n+1 2 n+1
L Fe = (2 e )
n+1 . 1 2 1+2] Il 2] 1 2 1—2] 1‘1 2] (12)
2
1

(A‘FV)i,j,ar = Ar

<Sin6’ FrL v 1> — <sin9_ (P 1>
J+2 Lty 0ij+5 179 ij—5 05 (13)

AFv)L —
( ) 1,00 1;s1nd; AG
(A-Fv)i5 =0 (14)
with:
2 n+1 ,n : n
re Fhy if \% <0
an+1 n 1) = % L +%"J r7i+%,j (15)
1+2 i3 ity Frffl i v >0
2 r1+2] r-,1+27]

smG 1F?J;11 oy vt <0
: n+1 Vo ) 0.1i+5 0.ij+5
siné. F 1V 1) = n+1 .
3 ij+g Oiity smG F vie o oif vt >0
0 1i+5 01545

(16)

Owing to the aforementioned fully explicit nature of the discretised free surface
advection equation, only small changes in the fraction of volume values per
time level are allowed. Therefore, the time step for the solution of the
F-equation must be small compared to the time step used for the simultaneous
solution of the mass and momentum conservation equations using a semi-
explicit technique. This is implemented by dividing the time step At used for
the solution of the mass and momentum conservation equations into N,y
smaller time intervals of magnitude At’:

At — At

nmax

A fipax >> 1 (17)

and computing the fraction of volume equation for each of these time sub-
intervals. Typically a value of 25 was used for fi,y.

The convective contributions through the grid cell faces between two cells,
of which at least one is a free surface cell, are computed using the donor-
acceptor (DA) finite difference approximation. The DA approximation
distinguishes the donor cell D, donating the mass or volume, from the acceptor
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cell A, accepting this mass or volume. The associated transport depends on the
sign of the grid cell face velocity. Additionally, the upstream cell of the donor
cell Dy, 1s identified.

The DA differencing technique will be explained for the fraction of volume
advection through the grid cell face (i + Y%, j) between a cell (i, j) and its
adjacent cell (1 + 1, ). The computations for all other cell faces are analogous to
this approach.

This DA identification scheme of the computational cells is written as
follows:

<0

. . . . .. ifV_l.n
) a+2y) o Ja+LY) 4 [0 ritg,] T
Dup‘{(i—l,nAD‘ (i) ATV L) i, >0

145,

18)

It is necessary to determine whether the acceptor or the donor cell is to be used
to determine the F-value required to evaluate the convective transport term.
This choice depends on the free surface orientation, the acceptor cell type and
the cell type located upstream of the donor cell. The acceptor cell is used when
the surface is advected normal to itself. In case of advection parallel to the
surface, the donor cell is used. However, if the acceptor cell or the cell upstream
of the donor cell is empty, the acceptor cell is used regardless of the mean free
surface orientation. This procedure is expressed as follows:

. |1 /dR\" do\"| . ;
(= < |r;| —= n_ no—
Aif ri(d0>]‘ < rl(dr>i VFy=0VvF, =0
|1 /dR\" do\" ; ;
= == < no<L
D if ri<d0>]‘ >rl<dr>i ANO<Fy <1A0<F, <1
(19)
in which 1 refers to the time level of the volume of fluid calculation.
The volume of the donor cell is given by:
Vp = 273 sin 6, ArAf (20)

which is used to compute the maximum amount of fluid and void that can be
transported through the grid cell face during a certain time level.

The fractional amount of fluid crossing a cell face in the radial direction at
grid index (1 + %, j) s given by:

VntFll . At/
ritg

AVp = 2ﬂr?+1sin0j Ab (21)
3

while in the direction perpendicular to the cone wall AVp at grid index (1, j + %)
is given by:



Vit AY
9,1,J+§

AVp = 27rri25in9j+lAr (22)
2

i

This evaluation is based on the average location of the volume between the
previous time level n and the advanced time level n + 1. This is in contrast to
Hirt and Nichols (1981) who suggested to employ the location of the volume at
the previous time level n, which leads to a poor approximation in the spherical
coordinate system used here.

If more fluid should flow from the donor cell than it contains, this flow is
reduced in such a manner that at most all the fluid is drawn from the donor cell.
Similarly, if more void should flow from the donor cell than it contains, an
additional amount of fluid is drawn from the donor cell. These corrections are
represented by

CF = max( (1 - FﬁAD) AVp — (1 - FﬁD)VD,o) (23)

1+35,]

The fractional amount of fluid which is actually transported during the time
interval is given by:

A(FV)?Ej: min (FQDAVD + CF?:;, FgVD> (24)

from which the corresponding change in F can be obtained:

AFV)M AFV)™
1435, i & i+5,]
27 A FXLI - Frzl;rl + 2

FfII)Jrl - ngrl . V—D T (25)

As mentioned before, the transport through the other grid cell faces is treated in

the same way. Some characteristic examples of the free surface advection
through a grid cell face are depicted in Figure 4.

4. Free surface boundary conditions

At the free surface, boundary conditions for the velocities and the pressure
have to be enforced. The free surface pressure condition for a surface cell, that
is, the pressure of the free surface cell, is obtained by linear interpolation of the
known pressure at the free surface location and the pressure of an adjacent
internal fluid cell. The free surface velocity values depend on the applied
boundary conditions and on the free surface orientation.

The free surface pressure condition for free surface cells is computed via
linear interpolation of the pressure at the free surface p, and the pressure of the
nearest internal fluid cell, called the interpolation cell, pfi‘fl, at distances of
respectively df}; and 0 from the centre of the interpolation cell:
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Da if d=dj
P= {pEjH if d=0 (26)
Linear interpolation yields the pressure of the free surface cell pfj” at a distance
from the interpolation cell:

di' n d?
Py = <1 - d’i}C) pr, g Pad = dije (27)
1, 1]

This interpolation procedure is depicted in Figure 5.

In a spherical coordinate system, the algebraic equations for the distances
from the centre of the interpolation cell depend on the location and the
orientation of the reconstructed free surface. The distances shown in Figure 5
can be obtained from the grid geometry and the F-value of the relevant free
surface cell for which the boundary condition has to be set. In this connection
also the orientation of the free surface has to be accounted for.

When the surface is oriented in a horizontal direction, the interpolation cell
can be located below or above the surface cell, while in case of a vertical
orientation, the interpolation cell can be located at the left or the right side of the
surface cell. The equations required for the computation of the distances in the
pressure interpolation procedure are presented below for these four situations.

d@ n+1
< |r: | ==
rl<dr>i

Horizontal surface orientation

1 dR n+1
(@)

'Za Py 177"

n+1

p. . p [ [
T Y T—Jn. nj_

i

n+1 i
i

[ P
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HFF Case 1: interpolation cell below the surface cell:

10,7 dn+l 1 d\
ntl _ : Lic _ ({9
1 2 L r?
’ 1
2
664 Case 2: interpolation cell above the surface cell:
LA 1 de\ ™!
Ii:l»l — (1 4 17]) A L),c 1‘_1 I; (E) > 0 (29)

Al 3 (1 posl
i - (1-F) =

s
2

Vertical surface ovientation
1

181

dR n+1 d@ n+1
@), |7"(&),

Case 1: interpolation cell at the left side of the surface cell

il riAf 1 /dR\™"
dﬁjfl 1 nl <@> <0 (30)
i griAe + di,j i

]

with
riAQ -
%riAO + d{.’jn 1

1 5 if 0. 1~ 0 A d{‘in+1 <<r1j
0.1 0. 1\" oFtising, g "
1173 ) iy P
2= a0 T\ \ 0] T Av (31a,b)
1 n+l
i if 6 ;>>14
1 n F-n-+1 s1n9j .]—% 2 T
2 1 sinG, 1
i3

while d’ stands for the distance between the surface inside the cell and the cell

boundary in the direction of the interpolation cell.
Case 2: interpolation cell at the right side of the surface cell:

dgjl_ ;A0 1 /dR ““>O (32
At SrAg —dtt ri\do)

+1 _ :os



In case:

>> 5—2 (33)

equation (32) can be written as follows:
dil nAe 1

n+l = 3. m4-1 ~ 1) g
diy]. EI'IAQ — di,j (17Firfj )SIHGJ
sinf 1

i

(34)
3_
2

The pressure of a free surface cell and the pressure of its adjacent internal fluid
cell are coupled by the free surface pressure equation. Therefore, the free
surface pressure equation cannot be solved directly, but must be computed
together with the pressures obtained from the solution of the Pressure Poisson
Equation (PPE).

The free surface pressure condition implies the presence of an interpolation
cell. Problems arise when a partially filled free surface cell lies adjacent to a
fictitious prescribed pressure boundary cell, with a free surface boundary
parallel to the physical boundary. In this case, the pressure of the free surface
cell is virtually linked to itself and uncouples from all other cells, resulting in an
undefined pressure for both cells. To overcome this problem, the orientation of
the free surface boundary is treated as if it were perpendicular to the physical
boundary, instead of parallel. This undesired situation can occur, for example,
when the fluid layer is captured in only one grid cell in the #-direction. In that
case, the influence of the no-slip boundary condition is relatively large on the
calculated r-velocity distribution in #-direction. Moreover, to fulfil continuity,
the velocity at the surface of the layer (which is the only other r-velocity which
is calculated at constant radial coordinate) will be overestimated to a large
extent to compensate for the no-slip boundary condition at the wall. This
situation of extremely steep r-velocity gradients in #-direction must be avoided
by a careful selection of the applied numerical grid layout for each physical
situation. The decreasing film thickness with increasing radial coordinate
together with an increasing size of the grid cells perpendicular to the cone wall
with increasing radial coordinate make this requirement a non-trivial task. As
an example, Figure 6 shows the distribution of the film over the grid cells in the
f-direction. Increasing the number of grid cells in the 6-direction leads to
exceedingly small grid cell dimensions at lower values of the radial coordinate.
Exceedingly small time intervals must be used in the simulations to satisfy the
Courant stability condition which lead to extensive calculation times.

The free surface pressure condition is supplemented with the specification of
the velocities immediately outside the free surface. These velocities are needed
in the finite-difference approximations for points lying just outside the fluid.
The velocities between every free surface and empty cell are solved explicitly
from the discrete representation of the continuity equation, to conserve the
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Figure 6.

Distribution of the film
over a few grid cells in
the 6-direction. The
dashed line represents
the fluid film

volume flowing through free surface cells. When a free surface cell has a single
neighbouring empty cell and thus a single unknown velocity, this velocity is
solved from the following equation:
2 itl 2 i+l . fit1 . i
r° v -1 v sinf. v —sinf, v
g oridLi g ricg o ity 0ij+d i3 0
Ar 1;5ind; Ab

+1

20 (35)

ol

For a free surface cell with two neighbouring empty cells and thus two
unknown velocities, they are each solved from the two separate transport
terms:

r’ 1anr11. -1’ 1an11. sing. anJ.r.l | — sing, anH
p ity ritg) i—5 ri-5) —0 A p It5 0,1,.]—&-5 =5 0

- ’i’j_§ _ O
r? Ar r;sind; Af o

(36)

When a free surface has three neighbouring empty cells and thus three
unknown velocities, the two adjacent velocities are set to zero and the third
velocity 1s solved in the same way a single unknown velocity is solved. These
three situations are depicted in Figure 7.

Zero gradient values for the velocities located at free surface boundaries are
applied in the following way. The velocity tangential to the free surface cells,
located between two empty cells adjacent to the two free surface cells, is set
equal to the velocity tangential to the free surface cells, located between the two
free surface cells. This is schematically represented in Figure 8.

The whole set of conservation and momentum equations, together with the
(initial and) boundary conditions and the solution algorithm is briefly
presented in the Appendix.



5. Solutions of remaining problems
The one-dimensional nature of the donor-acceptor algorithm used in our
calculations may introduce the effect of void encaptured in internal fluid cells.
There are two mechanisms that lead to this phenomenon which is most
pronounced when a highly irregular free surface geometry prevails with rapid
temporal variation. The first mechanism occurs when void flows from a free
surface cell to an adjacent internal fluid cell (see Figure 9) or to an adjacent free
surface cell which changes into an internal fluid cell (see Figure 10).

The second mechanism prevails when a free surface has both a parallel and
a perpendicular orientation with respect to a coordinate, within a block of four

T

>
>

A A A A
Y Y Y Y
17y oIy
A A A
v \] \J Y
i A A i A A
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Figure 7.

Free surface volume
conservation: single
(left), two (middle) and
three (right) unknown
velocities between free
surface and empty cells

Figure 8.

Free surface boundary
condition for zero-
gradient velocities
tangential to and outside
of free surface cells

Figure 9.

First void encapturing
mechanism (F = fluid
cell, E = empty cell,

S = surface cell). The
dashed lines indicate the
distance travelled by the
surface in a single time
step
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Figure 10.

First and second void
encapturing mechanism
(F = fluid cell,

E = empty cell,

S = surface cell). The
dashed lines indicate the
distance travelled by the
surface in a single time
step

grid cells. Within this block of grid cells, an empty grid cell adjacent to two free
surface cells, one with a parallel and one with a perpendicular free surface
orientation, is present. In this situation, one of the free surfaces can propagate
through the grid cell boundary between the free surface cell and the empty cell.
The other free surface cell thus becomes an internal fluid cell and is treated as
such in the algorithm. To avoid this situation as much as possible, small grid
cell sizes and small time steps must be applied. In Figure 10 a situation is
depicted where both the first and the second mechanism occur simultaneously.

It was found computationally that the encapturing of void can be
significantly reduced by employing small grid cell dimensions and small time
steps. Furthermore, it is possible that liquid in a grid cell adjacent to the wall
reaches the outflow boundary later in time than liquid in a grid cell two cells
away from the wall. In this case, actual surface cells will be treated as internal
surface cells. To avoid this erroneous treatment, the zero gradient outflow
condition is only applied when the liquid is actually flowing out of the cone.
Otherwise, boundary cells are treated as empty cells.

As mentioned before in a previous article (Janse ef al, forthcoming) clear
transitions in the film thickness along the radial coordinate (peaks) are
observed at certain locations where the free surface of the film steps from one
column in the #-direction to the next column, as depicted in Figure 11. These
jumps are due to an inaccurate approximation of the pressure calculation in the
row of cells below the row where the mentioned transition occurs. The result of
this inaccurate approximation is an overestimation of the pressure in this row.

There are two main reasons for these high pressures at the row below the
row with a column jump:

+ The thin fluid layer occupies only a few columns, which has already
been discussed (see Figure 6).

+ The linear interpolation of the free-surface pressure underestimates the
real pressure at the surface.

E E S E E S
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E E < :s E S F
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i] I T ? i[
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| |
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The pressure profile, as calculated with an approximate analytical solution of
the Navier-Stokes equations (see Janse et al., forthcoming) revealed a non-linear
profile in the O-direction. A typical example of such a profile is plotted
(indicated with markers) in Figure 12, which shows the dimensionless pressure,
defined as:

S . (37)
p(vw) /2 wrsin Oy,
as a function of the dimensionless film coordinate 8, defined as:
§ = d/dgim (38)

in which d stands for the distance from the wall and dg;,,, for the thickness of
the film. As is evident from this Figure, a linear interpolation near the surface is
allowed because of the linearity of the pressure profile for values of 6 close to 1.
However, when the fluid layer is only captured in a few columns in the

E E S F F
E S F F F Row with a high pressure
E S F F F
E S F F F
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Figure 11.
Transmission point of
the free surface (location
of the “jump” in
thickness) (F = fluid cell,
E = empty cell,

S = surface cell)

Figure 12.

Graphical presentation
of the linear free-surface
interpolation. The
analytical solution is
indicated with markers
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f-direction and the interpolation performed is based on an interpolation cell
very close to the wall, this implies a very crude approximation of the curvature
of the actual pressure profile. The approximation is influenced further in a
negative manner by the application of the variable grid which increases the
physical distance between the surface cell and the interpolation cell, although
the number of grid cells is not changed. In other words, the centre of the cell
from which the interpolation is performed is much closer to the wall than to the
free-surface. When the number of grid cells decreases, the inaccuracy of the
linear interpolation increases. This can be observed in Figure 12, in which the
large physical distance is shown between the centre of the interpolation cell and
the surface due to the small number of grid cells (two in #-direction). In this
case, deviations in the pressure calculation between the analytical solution and
the numerical approximation can exceed 20 per cent.

The effect of this inaccurate treatment of the pressure boundary condition is
more severe at transition points, where the number of grid cells (columns)
contained in the grid cells changes. In that case, the fluid cell located exactly at
the transition point has two surface cells as neighbouring cells, located above
and at the left side (see Figure 11). The surface cell near a transition jump has
thus an extra free-surface cell located above it in comparison with other surface
cells. The calculated pressure of this extra surface cell is relatively low. In
general, the pressure of a cell is dependent on the pressure of its neighbouring
cells. Thus, the cell located near a column-jump experiences an additional error
due to this extra free-surface cell. Because of a lower value of the pressure in the
free-surface cell, a higher pressure difference occurs, inducing a driving force
for transport of liquid into a direction perpendicular to (away from) the cone
wall. This problem cannot be easily circumvented by increasing the number of
numerical grid cells in -direction, because then also the number of transitions
increases. Moreover, increasing the number of grid cells in 6-direction leads,
when the physical grid size is not changed, to small grid cell sizes, especially
near the inlet point of fluid. Because of the Courant stability condition, which
states that the fluid may not pass through one grid cell in a time interval, very
small time intervals must be chosen. Therefore, the number of transitions has
been limited in the simulations (see Janse ef al, forthcoming) to decrease the
severity of this problem at the expense of the accuracy of the computed solution
(order of magnitude of the deviations can be 20 per cent relative to the
analytical solution).

6. Conclusions

The mathematical formulation of the extended VOF technique in a spherical
coordinate system was derived. This technique can, for example, be applied to
compute the free surface of a liquid flowing inside a rotating cone reactor. The
thin liquid layers at the top of the rotating cone are shown to interfere with the
minimum spatial resolution of the numerical grid at the bottom of the cone.
This practical limitation of the presented VOF method is inherent in the
geometry of the described system.
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Appendix. Simplified conservation equations in spherical coordinates and
computational scheme

The liquid flow prevailing in a rotating cone is governed on a microscopic scale by a set of mass
and momentum conservation equations. These equations are derived from the general
conservation equation applied to mass and momentum transport and simplified by making
suitable approximations. The conservation equations are supplemented with initial and
boundary conditions. A complication which arises here is the fact that the free-surface location
and associated boundary condition enforcement has to be dealt with.

Model assumptions

First of all, assumptions are made to simplify the governing mass and momentum conservation
equations. It should be noted that the flow domain is restricted to the region inside the rotating
cone. To describe this system, spherical coordinates in three dimensions (7, # and ¢) are
appropriate where in addition the time coordinate (t) is required to study transient effects. The
origin of the spherical coordinate system is situated at the virtual tip of the cone. Therefore, the
spherical coordinates have the following ranges:

HESTI<roA0<O0<O0,N0< ¢ <2r (A1)

as indicated in Figure 1.

In this study it will be assumed that the liquid flow in the rotating cone is symmetrical in the
direction of rotation and therefore all quantities describing the flow are independent of the
¢-coordinate:

2 (.)=0 (A2)

The bulk gas is treated as a void, having no properties except that it takes up the space left by
the fluid and it possesses an atmospheric pressure. The characteristic quantities of the single
fluid are the r-, 8- and ¢-components of the velocity vector and the internal pressure.

The location of the free surface between the fluid and the void is marked and traced according
to the VOF method. Regarding the internal viscous stresses, the single fluid is assumed to behave
like a Newtonian fluid with a constant density.
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Finally, the gravitational force acting on the fluid is expressed by the components of the
governing gravitational constant:

g = (—g cosb, g sinb, 0) (A3)

Model equations
When the assumptions mentioned above are applied to the mass and momentum conservation
equations, their simplified versions specific to a single fluid flow in a rotating cone are obtained.
They are presented below (Bird ef al., 1960).

Conservation of mass:

(A4)

@—ngr cot Bvy 1% _0
P\ Tor r rood )

Momentum equation in r-direction:
(P 1OV (AN (v veotd\d 1op v ¥
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2vv,
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Momentum equation in -direction:
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Momentum equation in ¢-direction:
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It is necessary to define and trace the Eulerian location of the free surface. In our study the VOF-
method described by Hirt and Nichols (1981) was applied to deal with this complicated problem.
Within the framework of the VOF-method the fractional amount of fluid F is invoked to track the
interface in the computational domain as discussed extensively in this paper. The development
of the free surface is propagated as a Lagrangian invariant described by the partial differential
free surface equation:

DF OF

T +(V-Fv)=0 (A8)

Numerical treatment
The conservation equations for mass and momentum (equations (A4 to A7) are discretized
according to the semi-implicit finite difference approximation for staggered fixed Eulerian grid
cells. Subsequently, the fluid flow variables are computed iteratively via a pressure correction
technique employing a whole field solution strategy (see Kuipers ef al. (1992)).

The computation of the solution of the conservation equations starts with the initialization of
the velocity fields to conform to the initial conditions. The components of the momentum
conservation equation are iteratively solved according to the mass conservation equation to yield



an improved guess for the velocity fields. Ultimately, the velocity fields will converge to the
solution of the conservation equations for the current time level. Finally, the boundary conditions
are applied. The velocity fields of the previous time level are used as an initial guess and the
algorithm is repeated until the velocity fields arrive at the steady-state solution.

The velocity fields resulting from the substitution of a guessed pressure field into the
components of the momentum conservation equation will not satisfy the mass conservation
equation, unless the guessed pressure field is correct. If the guessed pressure field is not correct,
it is improved in such a way that the mass conservation equation will progressively get closer to
being satisfied. This improvement is accomplished by computing a pressure correction. This
pressure correction is determined by the way the mass conservation equation responds to the
guessed velocity fields that again respond to the guessed pressure field. Thus, the pressure field
is used as a driving force to converge the velocity fields to the solution of the conservation
equations.

Since the free surface boundary pressure conditions depend on the pressure of adjacent
interpolation cells, these boundary conditions also have to be incorporated in the pressure field
computation. The flow variables are not defined for empty cells; thus the velocity and pressure
fields do not have to be calculated for these cells.

In short, the computation scheme shown in Figure Al is applied to compute the dependent
flow variables, according to the initial and boundary conditions, for each time interval until
steady-state convergence.

First of all, the dependent flow variables are initialized to conform to the initial conditions. A
pressure field is guessed and the guessed velocity fields are computed from the components of
the momentum equations. The internal fluid mass conservation and free surface pressure defects
(i.e. the deviation from mass conservation) are computed from the mass conservation equation
and the free surface pressure equation respectively.

If the defects do not equal zero, the pressure corrections are computed according to the
magnitude and dependence of the defects on the guessed pressure field. An improved pressure
field is computed by adding the pressure corrections to the guessed pressure field and the
algorithm is repeated.

If the defects equal zero, the ¢-coordinate velocity is computed and the new location of the free
surface boundary is computed from the velocity and pressure fields. Finally, the free surface
velocity boundary conditions are applied and the velocity, pressure and fraction of volume fields
are stored.

After each time iteration, the convergence criterion applied to the newly computed flow
variables is checked. If the flow variables have not reached their steady state, the computation is
repeated for the next time level; otherwise the computation is aborted. The computation scheme
is presented in Figure A1 (overleaf).
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Figure Al.
Computation scheme
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